arXiv:1506.06380v2 [quant-ph] 5 Oct 2015 


A lower bound on expected communication cost of 
quantum state redistribution 


Anurag Anshu 

Centre for Quantum Technologies, 
National University of Singapore 

a0109169@u.nus.edu 


October 6, 2015 


Abstract 

We show a lower bound on expected communication cost of interactive entanglement assisted 
quantum state redistribution protocols and a slightly better lower bound for its special case, 
quantum state transfer. Our bound implies that the expected communication cost of interactive 
protocols is not significantly better than worst case communication cost, in terms of scaling of 
error. Furthermore, the bound is independent of the number of rounds. This is in contrast with 
the classical case, where protocols with expected communication cost significantly better than 
worst case communication cost are known. 


1 Introduction 


A fundamental task in quantum information theory is that of quantum state redistribution (various 
quantities appearing in this section have been described in Section [2): 


Quantum state-redistribution : A pure state T rbca is shared between Alice (A,C), Bob(B) 
and Referee(R). For a given e > 0, which we shall henceforth identify as ‘error’, Alice needs to 
transfer the system C to Bob, such that the final state ^'rbc 0 a (where register Co = C is with 
Bob), satisfies P(^'rbCoA’ ^ RBC q a) < £• Here, P(.,.) is the purified distance. 


This task has been well studied in literature in asymptotic setting ( [DY081 Qpp08 1YBW081 
IYD09p giving an operational interpretation to the quantum conditional mutual information. Recent 
results have obtained one-shot versions of this task ( (DHQ141 IBCT141 lAJD14j ), with application 
to bounded-round entanglement assisted quantum communication complexity ( jTou!4j ). 

The following upper bound has been obtained in |Toul4j . developing upon the work in [BCT14| . 
on worst case communication cost of quantum state redistribution, with error s: 


50.I(R:C\B) 9rabo 100 

2^2 + IT + 15 ‘ 

An important application of this bound is a direct sum theorem for communication cost of bounded- 
round entanglement assisted quantum communication complexity, which is the main result of 
[Toul4| : 
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Theorem 1.1 (Touchette |Toul4j . Theorem 3). Let C be the quantum communication complexity 
of the best entanglement assisted protocol for computing a relation f with error p on inputs drawn 
from a distribution p. Then any r round protocol computing f® n on the distribution p® n with error 
p — e must involve at least 0(n((^) 2 • C — r)) quantum communication. 

Direct sum results for single-round entanglement assisted quantum communication complexity 
had earlier been obtained in [JRS051IJRS081 lAJM+14 . 

A special case of quantum state redistribution is quantum state merging, in which the 
register A is absent. It was introduced in IHQW07] as a quantum counterpart to the classical 
Slepian-Wolf protocol [SW73 ]. A one-shot quantum state merging was introduced by Berta |Ber09] . 
A one-shot version of classical Slepian-Wolf protocol was obtained by Braverman and Rao |BR.ll| , 
in the form of the following task: 

Alice is given a probability distribution P, Bob is given a probability distribution Q. Bob must 
output a distribution P', with the property that HR — P'||i < e. 

They exhibited an interactive communication protocol achieving this task with expected com¬ 
munication cost 

B(P\\Q) + 0(/D(P||Q)) + 21og(|). 

Considering expected communication cost, instead of worst case communication cost, allowed them 
to obtain the following direct sum result for bounded round classical communication complexity: 

Theorem 1.2 (Braverman and Rao [BRllj . Corollary 2.5). LetC be the communication complexity 
of the best protocol for computing a relation f with error p on inputs drawn from a distribution p. 
Then any r round protocol computing / 0n on the distribution p &n with error p — e must involve at 
least VL(n(C — r ■ log(^) — 0(VC ■ r))) communication. 

This result has better dependence on number of rounds r in comparison to theorem 11,11 Thus, 
in order to obtain a stronger direct sum result for bounded-round quantum communication com¬ 
plexity, a possible approach would be to bound the expected communication cost of quantum state 
redistribution by ~ 1(R : C\B)^ rabc + O(log(±)). 

A special case of quantum state merging is quantum state transfer, in which register B 
is trivial. Asymptotic version of quantum state transfer is the Schumacher compression [Sch95| . 
In the corresponding classical setting, when ^ra is a classical probability distribution, Alice can 
send register A to Bob with expected communication cost S'('I'a) + 0(1), using a one-way protocol 
based on Huffman coding [CT9l| . In fact, one can make the error arbitrarily small, at the cost of 
arbitrarily large worst case communication. 

Our results 

In this work, we show that expected communication cost for entanglement assisted quantum pro¬ 
tocols (which we formally define in section [3]) is not significantly better than the worst case com¬ 
munication cost. Our main theorem is the following. 

. 4 

Theorem 1.3. Fix ap < 1 and an e € [0, (^g) 1 -?]. There exists a pure state rbca (that depends 
on e) such that, any interactive entanglement assisted communication protocol for its quantum state 
redistribution with error e requires expected communication cost at least I (R : C\B)^ ■ (|) p . 
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For quantum state transfer, we obtain a similar result with slightly better constants. 
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Theorem 1.4. Fix a p < 1 and any e € [0, (,) 1 -p ]. There exists a pure state ^rc (that depends on 
e) such that, any interactive entanglement assisted communication protocol for its quantum state 
transfer with error e requires expected communication cost at least S(^/r) ■ {\) p ■ 

Notice that theorem 11.41 does imply theorem 11.31 as quantum state transfer is a special case 
of quantum state redistribution. But the quantum state 4/ rbca that we consider in theorem 11.31 
has all registers R, A, B , C non-trivial and correlated with each other. Thus, a quantum state 
redistribution of 'F rbca cannot be reduced to the sub-cases of quantum state merging or quantum 
state transfer by any local operation, giving robustness to the bound. 

Our technique and organization 

We discuss our technique for the case of quantum state transfer. For some (3 > 1, we choose the 
pure state 'Frc hi such a way that its smallest eigenvalue is and entropy of 'F/j is at most 

2 lo |^ (d being dimension of register R ). Let lorc be a maximally entangled state defined as 

_ i 
\|/ " 2 " 

\ u )rc = T/T I^)rc- For any interactive protocol IP for quantum state transfer of ’F/jc with error 
e and expected communication cost C , we obtain an expression that serves as a transcript of the 
protocol, encoding the unitaries applies by Alice and Bob and the probabilities of measurement 
outcomes fCorollarv 13.51) . This expression is obtained by employing a technique of convex-split, 
introduced in IA.ID14j for one-way quantum state redistribution protocols. Then, crucially relying 
on the fact that ^rc is a pure state, we construct a new interactive protocol F which achieves 
quantum state transfer of the state ojrc with error \fj3e + ^ fji (for any p < 1) and worst case 
quantum communication cost at most —. Suitably choosing the parameters e,/3 and p and using 
known lower bound on worst case communication cost for state transfer of ujrc, we obtain the 
desired result. Same technique also extends to quantum state redistribution. Details appear in 
section [H 

In section [2] we present some notions and facts that are needed for our proofs. In section 
0 we give a description of interactive protocols for quantum state redistribution and obtain the 
aforementioned expression that serves as a transcript of a given protocol. Section |4] is devoted to 
refinement of this expression and proof of main theorem. We present some discussion related to 
our approach and conclude in Section [5j 

2 Preliminaries 

In this section we present some notations, definitions, facts and lemmas that we will use in our 
proofs. 

Information theory 

For a natural number n, let [n] represent the set {1,2,... ,n}. For a set S, let |Sj be the size of 
S. A tuple is a finite collection of positive integers, such as (i i, '<2 .. .i r ) for some finite r. We let 
log represent logarithm to the base 2 and In represent logarithm to the base e. The t\ norm of an 
operator X is ||^C|| x Tr\/ X'fX and £2 norm is ||X|| 2 = f VTrAWt. A quantum state (or just a 
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state) is a positive semi-definite matrix with trace equal to 1. It is called pure if and only if the 
rank is 1. Let \ip) be a unit vector. We use if) to represent the state and also the density matrix 
|'0)(V’|, associated with 

A sub-normalized state is a positive semidefinite matrix with trace less than or equal to 1. 
A quantum register A is associated with some Hilbert space 7~La■ Define |A| = f dim('Hn)- We 
denote by D(A), the set of quantum states in the Hilbert space Ba and by D <(A), the set of all 
subnormalized states on register A. State p with subscript A indicates pa & D(A). 

For two quantum states p and g, p ® g represents the tensor product (Kronecker product) of 
p and g. Composition of two registers A and B , denoted AB, is associated with Hilbert space 
1~La ®T~Lb- If two registers A, B are associated with the same Hilbert space, we shall denote it by 
A = B. Let pab be a bipartite quantum state in registers AB. We define 

Pb '= Tr a(pab) == y~!((^| <$ 1 B)PAB(\i) ® 1b), 

i 

where is an orthonormal basis for the Hilbert space A and 1b is the identity matrix in 

space B. The state ps is referred to as the marginal state of pab in register B. Unless otherwise 
stated, a missing register from subscript in a state will represent partial trace over that register. 
A quantum map £ : A —>• B is a completely positive and trace preserving (CPTP) linear map 
(mapping states from T>(A) to states in T>(B)). A completely positive and trace non-increasing 
linear map £ : A —>• B maps quantum states to sub-normalised states. The identity operator in 
Hilbert space Ba (and associated register A) is denoted I a- A unitary operator Ua '■ Ba —>• Ba is 
such that U\Ua = UaU\ = I A- An isometry V : T~La —^► %b is such that V^V = I a and VV^ = Ib- 
The set of all unitary operations on register A is denoted by 11(A). 

Definition 2.1. We shall consider the following information theoretic quantities. Let e > 0. 

1. generalized fidelity For p, a G D <(A), 

F {p,o) = f \WpMi + \/(l- T r(p))(l-Tr(o-)). 

2. purified distance For p, g € 2)<(A), 

P (P,<r) = y / 1-F 2 (p, g). 


3. £-ball For pa € D(A), 


^(pA) = {p' A eV(A)jP(pA,p' A )<e}. 


4. entropy For pA € D(A), 

H (A) p '= —Tr(p A log p A )- 

5. relative entropy For pa,ga € D(A), 

V(pa\Wa) = f Tr (pa log pa) - Tr (pa log ga)- 
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6. max-relative entropy For pa . a a € D(A), 

D m ax (p.A ||<Fa) = f inf {A € M : 2 x a A > Pa}- 

7. mutual information For pab £ D(AB), 

HA : B) p d = T>{pab\\pa ® Pb) = H {A) p + H (B) p - H (AB) p . 

8. conditional mutual information For pabc £ T>(ABC), 

HA : B\C) p ^ I(A : BC) p - I (A : C) p = l(B : AC) p - 1{B : C) p . 

9. max-information For pab € D(AB), 

I max (^ : B) p = f inf ^ e x>(B) D max (pab 11 PA ® <?b) ■ 

10. smooth max-information For pab € T>(AB), 

i-max (A : B) P ^ inf p , e3 e (p) I max (A : B) p , . 

11. conditional min-entropy For pab £ D(AB), 

def 

H, T ,ir, (A\B) p = -inf CTBea ,( S )D max (pAB||^A ® a B ). 

12. conditional max-entropy For pab £ D(AB), 

H max (Al|B) pAfl d ^ f —H min (^4|ii) pAfl , 

where pabr is a purification of pab for some system R. 

13. smooth conditional min-entropy For pab £ T>(AB), 

HLin(^|5) P = sup R min (A\B) p ,. 

P'6® E (P) 

14. smooth conditional max-entropy For pab £ B(AB), 

H £ max (A|S) p ^ inf p ' eSe(p) H max ( J 4|S) p / . 

We will use the following facts. 

Fact 2.2 (Triangle inequality for purified distance, [Toml2| h For states p\,p\,p\ € B(A), 

Pa) < p (Aa> Pa) + f (Pa> Pa)- 
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Fact 2.3 (Purified distance and trace distance, |Toml2j . Proposition 3.3). For subnormalized states 
Pi > Pi i 

■^\\pl ~ P2||l < P(/3l,P2) < v/||Pl - P2\\l- 

Fact 2.4 (Uhlmann’s theorem). [[ Uhl76j ] Let pa,&a £ T(A). Let |p) be a purification of p A 

and |(t) ac , be a purification of a a- There exists an isometry V : Tic —>• such that, 

F(|6*> <6*| AB j Ip)(Hab) — P(PA, 0"a), 


where |6») AB = (J A <g> V) \a) AC . 

Fact 2.5 (Monotonicity of quantum operations). [ jjLin75[ fBCF + 9bj . [Toml2j . Theorem 3.4] For 
states p, a, and quantum operation £(•), 

l|£(p) - £(^)|li < \\p~ ^Hi,P(p,^) < p (£(p),£(o-)) and F(p,a) < F(£(p), £(cr)). 

In particular, for a trace non-increasing completely positive map £(•), 

P {p,o) < P(£(p),£(<r)). 

Fact 2.6 (Join concavity of fidelity). [ jWatllj . Proposition 4.7] Given quantum states pi, P 2 ■ ■ ■ Pk , 04 , <j 2 • • • 04 € 
D(A) and positive numbers Pi,P 2 ■ ■ ■ Pk such that YliPi = 1- Then 

F (£piPo£pi<p) >^2PiF(Pi,(Ti)- 
i i i 

Fact 2 . 7 . Let p, a € T)(A) be quantum states. Let a < 1 be a positive real number. If P (ap, aa ) < 
e, then 

p (P,<r) < £ \f~- 
V a 

Proof. P (ap, aa) < e implies F (ap, aa) > y/l — e 2 > 1 — e 2 . But, F {ap, aa) = a|| yfpyfa ||i + (1 — a). 

Thus, 

F(p, cr) = HVPv^lli > 1 ~ • 

a 

Thus, P (p, a) < yj 1-(1-^) 2 < /¥• □ 

Fact 2.8 (Fannes inequality). [[ Fan73 j] Given quantum states pi,p 2 E D(vl), such that |j4| = d 
and P(pi,p 2 ) = e < 

l-S'(pi) - *S'(P 2 )| < elog(d) + 1. 

Fact 2.9 (Subadditivity of entropy). [ [AL70j ] For a quantum state € D(AB), \S(p A ) — 
S(pb)\<S(pab)<S(pa) + S(p b ). 

Fact 2.10 (Concavity of entropy). [ [Watll ], Theorem 10.9] For quantum states pi, P 2 ■ ■ ■ Pn, and 
positive real numbers Ai, A 2 ... A n satisfying JT A* = 1, 

*£>*)> £V?(*). 
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Fact 2 . 11 . For a quantum state p A BCi it holds that 

I(A : C) p < 2 S(p c ), 

I(A:C\B) p <l(AB:C) p <2S( Pc ). 

Proof. From Fact El I {A : C) p = S(p A ) + S(p c ) - S{p AC ) < 2 S(p c )- □ 

Fact 2 . 12 . For a bipartite quantum state pab, I Ly U : B) > —W min {A\B) p . 

def 

Proof. Let erg be the state achieved in infimum in the definition of I max {A : B) . Let A = 
Imax (A : B) p . Consider, 

PAB < 2 X p A <8> &B < 2 A Ia <S> cr b- 

Thus, we have 


Hmin(A|-B) p — inf^gji^^Dmax (p A B || I A ® & b) — ^max {PAB || I A ® <7_b) — A — Imax(A : -B) p . 
This gives, 

^p'ab^pab) H m in (A\B) p ,<r max (A:B) p . 


□ 


Fact 2.13. For a classical-quantum state pab of the form p A B = YljP(j) \J) OU ® it holds that 
W(A : B) p <log(\B\). 

Proof. By dehnition, I max (A ■ B) p < D max (mb Pl <8> j§\)- Also, 


pab = XMi) b')0'L® ^ \ B \\ j){j\ A ® i^r = I-^Ipa® Is 

3 3 ' ' 


B I 


Thus, the fact follows. □ 

Fact 2.14. For a classical-quantum state pabc = J2jP(j) \j)(j\ a^p'bC' it holds that I(^4£> : C) > 
E jP (j)HB : C)pj 

Proof. Consider, 


I (AB:C) p = 


> 


S(pab) + S(pc) — S(pabc) 

S(52p(j) \j)(j\ A ® Pb) + SC^Pifip’c) - U)0 ‘U ® Pbc) 

3 3 3 

IZp(j) 5 (Pb) + s (J2p(j)Pc) - ^2 p(J) s (p^bc) 

3 3 3 

Y^pU) s (Pb) + HK7)‘ 5 (Pc) - YIpUWPbc) (Fact EM 

3 3 3 

: C) pJ 

3 


□ 
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Lemma 2.15. Fix a (5 > 1 and an integer d > 1 . There exists a probability distribution p = 
{ei, e 2 ... ed}, with e\ > e 2 ... > ed, such that ed = and entropy S(p) < 2 

Proof. Set e 2 = e% = .. .ed = jp. Then e\ = 1 — Using x log(^) < < \ for all x > 0, we 

can upper bound the entropy of the distribution as 


E e *i°g(^) = i 1 

C-7 

l L 


d- 1 

dp 


)log( 


1 - 


d -1 

~dp~ 


d- 1 

dp 


log(dp) <2 + 


log (d) 
/? 


log(ci) 

<2^E 


□ 


3 Interactive protocol for quantum state redistribution 


In this section, we describe general structure of an interactive protocol for quantum state redistri¬ 
bution and its expected communication cost. 

Let quantum state |\E ')rbca be shared between Alice (A, C), Bob ( B ) and Referee ( R ). Alice 
and Bob have access to shared entanglement 0 e a e b i n registers Ea (with Alice) and Eb (with 
Bob). Using quantum teleportation, we can assume without loss of generality that Alice and Bob 
communicate classical messages, which involves performing a projective measurement on registers 
they respectively hold, and sending the outcome of measurement to other party. This allows for 
the notion of expected communication cost. 

A r-round interactive protocol 7 (where r is an odd number) with error e and expected com¬ 
munication cost C is as follows. 


Input: A quantum state | ^)rbcA’ err or parameter e < 1 . 


Shared entanglement: \Q)e a e b - 


• Alice performs a projective measurement M = {M\ce a -> M\ce a • • •}• Probability of 

outcome i\ is p tl c = Tr(M ACE ^ 7 c a <S> #e a ). Let 4 > 1 rbace a e b be th e global normalized 
quantum state, conditioned on this outcome. She sends message i\ to Bob. 

• Upon receiving the message i\ from Alice, Bob performs a projective measurement 


Probability of outcome i 2 is p i2 \ h = f Tr(M^^ Eb ). Let 4 > 1 rb AC e a e b be the global 
normalized quantum state conditioned on this outcome i 2 and previous outcome i\. Bob 
sends message i 2 to Alice. 


Consider any odd round 1 < k < r. Let the measurement outcomes in previous rounds 
be i\,i 2 .. .ik-i and global normalized state be <f> 1 rbace a e b - Alice performs the projec- 




tive measurement = {Macea 

outcome i k with probability Pi k \i k _ 1 ,i k _ 2 ...i 2 ,i 1 = Tr ( M ^cE 
the global normalized state after outcome i k be <; $rbace b e a ** 
i k to Bob. 


ace a • • •} anc l obtains 

Vaxe a )■ 

Alice sends the outcome 



• Consider an even round 2 < k < r. Let the measurement outcomes m previous rounds be 
i\,i2 ■ ■ ■ ik- 1 and global normalized state be ^rbace^Eb' Lob P ei 'f°rms the measurement 

and obtains outcome ik with probability 


Pifc|*/c-l>h-2---*2,*l 


def 


Tr (M BEb 




VBEb 


Let the global normalized state after outcome ik be $rbacEbeY ■ Lob sends the out¬ 
come ik to Alice. 


After receiving message i r from Alice at the end of round r, Bob applies a unitary 
" • BEr —>• BCqTr such that E B = CqTr and Cq = C. Alice applies a unitary 


%r -fir — 1 • • •U 

U\ 


trfir—1 1 


: ACE A -> Let 


.v-n-u = ® r/;,„ Define 


•fir— 1 •••U 


RBACCq Tb E a 


d = Ui. 




<P 


-1—u 


RBACE b E a 


• For every k < r, define 


def 

Phfi2---ik ~ Ph ’ Pi2\h ‘ Pi3\i2fii • • • * 

The joint state in registers RBCoA, after Alice and Bob’s final unitaries and averaged over 

all messages is ^' RBCoA = f Ei r ,i r _ 1 ...i 1 Pii,» a ...irdiBCbA ^ satisfies P(^ BCoA , 'LrbCqa) < 

£. 


The expected communication cost is as follows. 

Fact 3.1. Expected communication cost of T is 

Y Ph,i2-i r l°g(*l • *2 • • • v) 

Proof. The expected communication cost is the expected length of the messages over all probability 
outcomes. It can be evaluated as 

Y^Ph l°g(*i) + Y PnPh\ii lo gfe) + • • • Y Pil,i 2 ...ir—lPi r \ir—l>h —2-..*l log(b') 

= Y Pil,i2 -ir (l°g(*l) + log(*l) + • • • log(ij-))- 


This allows us to define 

Definition 3.2. Communication weight of a probability distribution {pi,P 2 ■ ■ ■ Pm} is YfiiLi Pi log(i). 
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The following lemma is a coherent representation of above protocol. 

Lemma 3.3. For every k < r, let O k represent the set of all tuples (ii,i 2 ■ ■ - i k ) which satisfy: 
{«i, i 2 • ■ ■ ik} is a sequence of measurement outcomes that occurs with non-zero probability upto k-th 
round of IP. 

There exist registers M±, M 2 ... M r and isometries 


{Ui k _ u i k _ 2 ...i 2 ,ii ■ ACE a -t ACE A M k \k > 1 ,k odd , (*i,i 2 • • • 4- 1 ) € O k - 1 }, 


{Ui k _ lt i k _ 2 ...i 2 ,ii ■ BE b -a BE B M k \k even , (*i, i 2 ■ ■ • 4-i) G Ofc-i} 
and U : ACE a —t ACE a M\, such that 


l*> 


RBCA I ®)e a E b 


= E vs 


21,22 ■ ■ -2r U i2 


...K 


t 


2r ,2r —1.. .21 


2r ,2r—1 ...21 


RBCAC 0 T b Ea 


n! M r 


l<i> 


Mi 


Proof. Fix an odd /c > 1. Let the messages prior to fc—th round be (ii,i 2 • ■. ife-i). As defined in 
protocol IP, global quantum state before k-th round is ^rbcaEaEb ' Alice performs the measurement 


/ /\/r 1 >*fe-l’ i fc-2...*2,*l 7i,r2,2fc_l,2fc_2...22,2l 

\ 1v1 ACE a ’ 1U AXE a 


...}. 


This leads to a convex-split (introduced in |AJD14| ): 


/ 2 fc — 1 , 2 fc— 2-..21 

WRBEb 


E 

ik 


TrACE a (Macea 


*fc>*fc-l)*fc-2-"*2,*l 


j2 fc _l,2fc_2...2l s. 

PrBCAEbEa) 


E Ti k \i k —1,2fc— 2”.22,2l 

ik 


Tr ACEa (MACE a 


l^fc—2---fc2,U 


,ifc_i,ifc_2...u *2,U 

VRBCAE b E a 1V1 ACE a 


Pik\ik-l,ik-2---i2,il 


E T) jAk^k — l)ik — 2”*^2j^l 

”*fc|2fc-l,2fc-2--.*2,2l VRBEb 

ik 


(1) 


A purification of ArbEb 2 ** on r egisters RBCAEbEa is $rbcae b Ea- Introduce a register 
Mfc (of sufficiently large dimension) and consider the following purification of 

E /2fe,*fe-l,*fc-2-"22,2l 

Ti k \ i k —i,2fc—2* ,- 22,2i VrBEb 
ik 


on register RBCAE B E A M k : 

V / T*fe|*fe-l,2fe-2..-22,21 ^ 


2fc-l,2fc-2-..22,21 


T'k 


RBCAEbEa 


Vk) M k ■ 


By Uhlmann’s theorem 12.41 there exists an isometry i, 4 _ 2 ..i 2 , 2 i : ACE a -a- ACE A M k such 


that 


17, 


2fc-l,2fc_2-..22,*l 




-l,*fe-2-..2l 


RBCAEbEa 


= Ev / T 


l */cl*fe-l,*fe-2...22,*l 


/,2fc,2fc_l,2fc_2...22,2l 




RBCAEbEa ^ Mfc 

( 2 ) 
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For k = 1, introduce register Mi of sufficiently large dimension. Similar argument implies that 
there exists an isometry U : ACEa ACEaM\ such that 

B 1^) rbace b e a = E VPh l^ 1 ') RBACEgE (^) 

h 

For k even, introduce a register M*. of sufficiently large dimension. Again by similar argument, 
there exists an isometry Ui k _ lt i k _ 2 ...i 2 ,h : BEb -A BEbMj- such that 


U, 






RBCAE b E a 


^ |4 —1,4-2.•• 


,h 




^k 


Now, we recursively use equations El EU and [4j Consider, 


RBCAE b E a ^ M k 

(4) 




u 


RBCAE b E a 


I *i) 


Mi 


= tf'E E vh* 


U 


= 


12 

-t 

h 


11,12 


^KbCAEbEa^Mi^M, 


= ^ E VPC^rUluln ■ ■ ■ U Ur-,...n 

l\,12...ir 


—tr fir — 1 • • *Zl 


RBCAB 0 T b E a 


W)m t ■ ■ ■ \b)m. 


Last equality follows by recursion. This completes the proof. 


Definition 3.4. We introduce the following useful definitions. 

• Let k > 1 be odd. Isometry U^ : ACEaM\M 2 . . . M^-i -A AC EaM\ M 2 ... M^, 

U k = E l*l)(*11Af! ® I* 2 )(* 2 Im 2 ® ■ ■ ■ |*fc-l)(*fc—l| Mfc _! ® U ik-i,ik-2-i2,h- 




□ 


• For k even, Isometry Uk ■ BEbM\M2 ■ ■ ■ -A BEbM\M2 . . . 

Uk = E ® K 2 )(* 2 Im 2 ® • ■ ■ l*fe- 1 )(*fc- 1 lMfc _ 1 ® ^*fc-l;*/c- 2 ---* 2 ,il ■ 

U •>'i'2'”'ik —1 

• Unitary U “ +1 : ACEaM\ M2 ... M r -A AC EaM\ M2 ... M r , 

B r +1 = E I®i)(*iImi ® I* 2 )(* 2 Im 2 ® • ■ • l*r)(®r|jw r ® Vr,v-1— U‘ 

U ,l2‘..ir 

• Unitary U ^ +1 : BEbM\M2 ... M r -A BCqTbM\M2 ... M r , 

Br+i = E I*i)(*iImi ® K 2 )(* 2 Im 2 ® • • • l^)(v|jvf T , ® U^ r ir _ 1 ji. 

il,l 2 ...ir 
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• Unitary U r +\ : ACEaBEbM\M 2 ... M r —> AC EaBCqTbMiM 2 ... M r , 

C/r+l = Mi ® 1*2} (*21 m 2 ® • l*r) (*r| Af r ® Ui r ,i r -i-i 

U,22-..ir 

This leads to a more convenient representation of lemma 13.31 
Corollary 3.5. It holds that 


I RBCA I ®)e a E b — - ul +l 55 VPh,i2~ir 


ll t l2—lr 


and 




RBCACq t b e a 


° r )Mr ■ ■ ■ l*l)Afl • 


Ml 


P(^RBC 0 A, 55 Pu,*2...v4sCoA" n ) ^ e ' 
il,12-..i r 

Proof. The corollary follows immediately using Definition 13.41 and lemma 13.31 


□ 


4 Lower bound on expected communication cost 


In this section, we obtain a lower bound on expected communication cost of quantum state redis¬ 
tribution and quantum state transfer, by considering a class of states defined below. 

Let register R be composed of two registers Ra, R ', such that R = RaR '• Let d a be the 
dimension of registers Ra and A. Let d be the dimension of registers R ', C and B. Consider, 


Definition 4.1. \^) RBCA ^ Ea=i I a ) r a \ a )a W)r?bc • Let W)r>bc = Ej=i \ u j)r' \ v A a ))B\ w j( a ))c 

where e\ > e 2 > ... e d > 0, Ef=i e* = 1 and (|«i),... | u d )}, {|ui(o)) ,... |v rf (a))}, {|uq(a)) , • • • \w d (a))} 
form an orthonormal basis (second and third bases may depend arbitrarily on a) in their respective 
Hilbert spaces. 


Wj 


For quantum state transfer, we consider a pure state ^ rc with Schmidt decomposition Ej=i yf e j \ u 
Given the state i^r/bc f rom definition l4.ll we define a ‘GHZ state’ corresponding to it: \uj a ) R , BC == 

73 Ei=i I Uj) R > I Vj(a)) B | Wj(a)) c . Using this, we define ujrbca = f ^Ef=i I r a |o)a I u a ) R , B c- 

Similarly, given the bipartite state T rc , we define a maximally entangled state c o' RC = -^= J2j=i \ u j) R I w j)c 
Following two relations are easy to verify. 


1 


w, 


RBCA 


Vda ' d 




l*> 


1 


RBCA 


and \J) RC = ^=(^r) 2 




RC 


(5) 


As noted in section [31 the protocol 7 achieves quantum state redistribution of T rbca with 
error e and expected communication cost C. Following lemma is a refined form of corollary 13.51 
and is also applicable to state 'It rbc A not of the form given in definition 14. 11 

Lemma 4.2. There exists a probability distribution {p^ i2 Ar \ and pure states Kc’eaTb' 11 suc ^ ^ a t 


P {'If RBCA ® 0E A E B ,U ] Ul . . . Ul +l 55 \J RBCoA ® KcE a Tb H \ l r) M t ■ ' ' Ki)mi) ^ 

and the communication weight of p\ i2 ir is at most 
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Proof. Let B be the set of tuples (i i : 12 ...i r ) for which F 2 ('Ljjsc 0 a ) t rbc 0 A U ) — 1 ~ £ - Pet @ be 
remaining set of tuples. Prom corollary 13.51 and purity of 'P rbc 0 A , it holds that 

E Ph,i 2 ...irV 2 (*RBCoA, T^cX 1 ) > 1 - e 2 . 


Thus, 


(1 - e) E Ph,i2-ir + E Pil,i2-ir > 1 “ 


which implies E(i 1 ,i 2 ...i r )eBPii,i 2 ...<r < e - 
Define p\ 


Z—,^2 • • -ir 


eg P*l,*2"*r 


(zi,22..ir)E^ 

Thus we have E(i 1 ,i 2 ...i T .)esPii,t 2 ...tr 
> if (*1> *2 ■ • ■ ir) e Q and p' ilM „ Ar = f 


> 1-e. 

0 if - ■ ■ i r ) € B. 


For all («i, *2 ... i r ) € <5, F 2 (^'_rbc 0 a ) t rbCoA H ) > 1 — £• Thus by Fact 12.41 there exists a pure 
state KcE~T B n suc h that 


Consider, 


RBC 0 A® k ce a t b 


i r ,h — 1---H \ 

t RBCACqT b E a > 


> l-£ 


( 6 ) 


P ( E VPh,i2-ir T RBCAC 0 TBE A MM r ' ' ' Kl)iWi > 55 \J P'hM-P T RBCAC 0 T B E A Vr)M r ■ ■ ■ \^)M x ) 




= J 1 - ( E \JPh,i2-irPi 1 ,i 2 ...i r ) 2 = .Z 1 ~ ( E Pii,h...ir) < Ve 


Zl,Z2-..Zr 


and 


P ( X! yP'ii,i 2 ...ir T RBCACoT B EA \^)M r ' ' ' I*i)mi ) 51 V Pii,i2-iA RBC o A ® K CE A T B 1 Kr)M r ' ■ • I*i)mi) 


Zi,Z2...Z r 


— .A (55 'PiJBC’oA ® K CE A T B 1 )) 2 — -v/e (Equation [6]) 

y i\,i 2 -..ir 

These together imply, using triangle inequality for purified distance (Fact 12.21) , 


P( E VPn,i 2 -ir T RBCAC 0 T B E A W) M r ■ • ■ I*i)mi > 55 \j P'h^.-iA RBC oA ® R CE A T B * W) m t 

Zl,Z2...Zr Zl,Z 2 -..Z r 

< 2-y/e 

Thus, from corollary 13.51 we have 

Pt'PiJBCA <8> 0E A E B ,U ] Ul . . . ul +1 E sJp'hM-iARBCoA ® R CE A T B ** W) M r ■ ■ ■ < 2 V^- 

Zi ,Z2-..Z r 

The communication weight of - 2 ^ is 

E Pii,ia...ir lo S(*l ■*2---*r) < ^37 55 Pii,i 2 ...ir lo g(*l ‘ *2 ■ • • *r) 


Zl,Z2-..Zr 


Zi,Z2...Z r ^^ 

1 C 

< - E Pii,i 2 ...ir lo g(*l ■ *2 • ■ ■ ir) = 


1 — £ 


*1,*2 —V 


1 — £ 


Ki> 


Me 
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This completes the proof. □ 

We now use Lemma EOl to prove the following for the state ujrbca ■ Recall that e d is the smallest 
eigenvalue of independent of a. 

Lemma 4.3. It holds that 

P {UJRBCA ® 0E A E B ,U ] Ul . . . U ] r+1 \JP'hM-ir^RBCoA ® KcEaT b Z1 I i r) Mr ' ' ' KlWi) ^ 

il,i2—ir * d 

Communication weight of distribution p\ x i2 _ ir is j=^z- 

def — - _ 1 

Proof. Define a completely positive map £ : R -A R as £(p) = ^(vL R 2 p\L R 2 ), which is trace 
non-increasing since 'LL 1 < —Ir. Using equation [SJ observe that 

n ed 

Z^RBCa) = i-d ■ d ■ UJRBCA- 


Consider, 

2\/i > P (^RBCA®0 Ea E b ,U ] UI...UI + 1 Y 'JPiun-.ir^RBCoA ® RcE A T B ' n Vr) M r ■ ■ ■ Ki)mi) 

il,i 2 ...i r 

(Lemma 14.211 

> P(£(4'_RBCa) ® Oe a E b , U^Ur, ■ ■ ■ ul +l Y, \Jp'i 1 ,i 2 ...i r ^('^RBC 0 a) ® k CE a T B 1 lv)M r ■ • • Ki)mi) 

il,12".ir 

(Fact 12.511 

= P (d • e d ■ ujrbca <B> Oe a e b ,d-e d - U t C/|... u} +1 Y \J'^i 1 ,i 2 ...i r u RBC 0 A ® k c Ea t b H Ir)m, • • • \h) Ml ) 

11,12...ir 

Using Fact 12.71 we thus obtain 


P (wrbca ® Oe a e b , uH-..ul + 1 Y \)P'n^.-.ir^RBCoA 


K. 


%r 5 1>r — 1 • • *^1 

ce a t b 


ir) 


M r 


Ki)mi) — 



Furthermore, there is no change in communication weight. This completes the proof. 

□ 


Similarly for quantum state transfer, we have the following corollary 
Corollary 4.4. It holds that 


P ( U RC ® Oe a E b , U^U\ ■ ■ ■ ul +l Yj \JP'n^.-.ir^RCo ® K CE a T b I ir) Mr ' ' ' Iu)mi) — 


l\,l 2 ...lr 


I 8s 
e d ■ d' 


Communication weight of distribution p' lx - 2 ir is ■ 

Now we exhibit an interactive entanglement assisted communication protocol for state-redistribution 
of ujrbca with suitably upper bounded worst case communication cost. 
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Lemma 4.5. Fix an error parameter n > 0. There exists an entanglement assisted r-round quan¬ 
tum communication protocol for state redistribution of ojrbca with worst case quantum communi¬ 
cation cost at most and error at most J + y/Jl. 

Proof. From lemma FOl we have that 


P {urbca <S> 9 Ea e b ,U ] uI ... Ul +1 Y \JPti,i2...i r ^RBCoA ® k ( ce a t b 11 Iv) Mr • • • Ki)mi) ^ 



and 

C 

i\,i2...i r 

C 

Consider the set of tuples (zi, *2 ■ ■ ■ i r ) which satisfy i\ ■ Z 2 ... i r > 2 a-Av . Let this set be B' and 
Q' be the set of rest of the tuples. Then 


C 

M) 


> 51 P'hM-ir 10 ^ > 


c 


(1 -e)/i 


E 


p 


11,12 -.-Ir * 




This implies i 2 ...i r £B' Pi, ii-% < M- Define a new probability distribution qi lt i 2 ...i r 
for all ■ ■ ■ i r ) € f/ 7 and q n .i 2 ...i r = 0 for all (zi,Z 2 ■ ■ ■ z r ) € 13'. Consider, 


O. 


r 


(^1 ,i2 ...ir)€G' ^*1 >®2•••*?’ 


P( E \/ P'ii,i 2 -..ir U}RBC oA®K l f' F f A TB 1 |*r)jVf r 

21 ,12-..ir 


••In) Ml > E \/ c lnd2...ir U] RBCoA®^cE A TB ^ W)M r ■ ■ ■ \il)M,) 

il,12. ..ir 




E Pii.ia-.v ^ 


Thus, triangle inequality for purified distance (Fact 12.21) implies 


F{u R BCA <8> 0e a E b ,U^U\ . . . E/J +1 55 y/Viuh-irURBCoA <8> ^ce a T b ' 11 W)M r • • • I^mJ 


< 


/ 8e 
e d • d 


+ \/M 


Defining tt RB cae a e b 
we have 


d ^ f J/tj/t 


EE. 


y/Qh^-.-ir^RBCoA <8> K CE A T B Nr) 


M r 


P(wrbc.A <8 > 6e a E b ,w' R bce a Eb) — 



+ ^ 




(7) 


Let T be the set of all tuples (zi, *2 ... Z&) (with k < r) that satisfy the following property: there 
exists a set of positive integers {z^u-i, ^fc +2 • • • v} such that (zi, 12 ■ ■ ■ ikPk+ 1 • • ■ v) € f/ 7 - Consider 
the following protocol 1P / . 
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Input: A quantum state in registers RBCAE a Er. 

• Alice applies the isometry U : ACEa —>• ACEaM\ (definition 13.41) . She introduces a 
register M{ = M\ in the state |0) M / and performs the following unitary W\ : M\ M[ —>• 
MiM[: 

W 1 I*)mi I°)m( = I*)mi I»)m' if (*)eT and Wi |i) Ml |0) M , = |i) Ml |0) M , if(i)0T. 

She sends M[ to Bob. 

• Bob introduces a register M 2 = M 2 in the state |0) M /. If he receives |0) M / from Alice, 
he performs no operation. Else he applies the isometry U 2 : BErM[ —>• BErM[ M 2 and 
then performs the following unitary W 2 : M[M 2 M 2 —»■ M[M 2 M 2 . 

W\ I*)m{ U)m2 I^)m' = I*)m( Ij)m 2 b)ikf' ^ (*>•?) € ^ 

and 

Wi I*)m' U)m 2 |0)m' = I*)m' U)m 2 |0)m' ^ (®> j) ^ 

He sends M 2 to Alice. 

• For every odd round k > 1, Alice introduces a register M' k = M k in the state |0} M /. If 
she receives |0) M / from Bob, she performs no further operation. Else, she applies the 

1 k —1 

isometry 

U k : ACE A M x M' 2 M :i ... M ' k _, -> ACE a MiM^M 3 ... M^_ x M k 
and performs the following unitary H4 : M\M 2 ... M k _ 1 MkAI k —> M\M 2 ... AI' k _ 1 MkAI' k : 

w k Ki> Mi I*2 )m' • • • I0)m' _ Kl)Mi I*2 )m' • • • l*fc}M fe I*A:}m£ ^ (*1>*2 ■ ■ • *fc) S T 

and 

Wfc |*i) Mi I*2)m' ■ ■ ■ \^k)M k I^)m' — I*i)mi I*2)m' • • • l*fc)M fc I^)m' ^ (*1>*2 ■ ■ ■ *fc) ^ 

She sends M k to Bob. 

• For every even round k > 2, Bob introduces a register Ml = M k in the state |0)»w. If 

he receives |0) M / from Alice, he performs no further operation.. Else, he applies the 
isometry U k ■ BErM[ M 2 ... M' k i BEr M ( M 2 ... M k _ j M k and performs the 

following unitary W k : M[M 2 ... M' k _^MkM k —>■ M[M 2 ... M k _ x M k M k . 

Wk \h )m[ 1*2 )m 2 • • • l*fc)M fe |0 )m' = I*i)m{ I*2)m 2 • • • I *fc)M fe l*fc}M£ ^ (*1>*2 • • • *fc) 
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and 


Wk 1*1 ) M ' 1 |*2)m 2 • • • l*fe)iW fc |0 )m' — Ki)m( I*2)m 2 • • • I ^k)M k |0)m' ^ (*lj*2 • • • *fc) ^ T. 

He sends M' k to Alice. 

• After round r, if Bob receives |0 ) M , from Alice, he performs no further operation. Else 
he applies the unitary U^ +1 : BErM'-^M^M^ ... M{. —> . .M' r . Alice 

applies the unitary t /“ +1 : AC EaMiM^M^ ... M r ACE a M j M! 2 M 3 ... M r . They trace 

out all of their registers except A, B,Cq. 


Let £ : RBCAEaEb —>• RBCqA be the quantum map generated by CP 7 . For any k, if any of the 
parties receive the state | 0 ) M ,, let this event be called abort. 

1 k 

We show the following claim. 

Claim 4.6. It holds that S,(ttr B cae a e b ) = urbc 0 a 

Proof. We argue that the protocol never aborts when acting on erbcae a e b ■ Consider the first 
round of the protocol. Define the projector n ^= f Y^i-.{i)4T |*}(*Imi• F rom definition 13.41 it is clear 

that the isometry ... u} +1 is of the form l*)(*U/i for some set of isometries {V.} . Thus, 
from the definition of ttrbcae a e b (hi which the summation is only over the tuples (*i ,*2 ■ ■ ■ *r) G'), 

it holds that 

n U erbcae a e b = 0 . 

This implies that Bob does not receive the state |0) M / and hence he does not aborts. 

Same argument applies to other rounds, which implies that the protocol never aborts. Thus, 
the state at the end of the protocol is 

^CE A T B (U r+ iU r . . . U2U-KRBCAE A E B ) = ^ RBCqA- 

□ 

Thus, from equation 0 it holds that 



Quantum communication cost of the protocol is at most 


m ax(i 1) i 2 ...j r ) G g/(log((*i + 1) • (* 2 + 1) ■ • • (v + 1)) < 2 ■ max^ ,i 2 ...i r ) (log (*1 ■ *2 ■ ■ ■ *r) < ^ 


This completes the proof. 


□ 


Similarly, we have the corollary for quantum state transfer. 
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Corollary 4.7. Fix an error parameter p > 0. There exists a r-round communication protocol for 
state transfer of u' RC with worst case quantum communication cost atmost and error at most 



Next two lemmas obtain lower bound on worst case quantum communication cost of quantum 
state redistribution of corbca and quantum state transfer of uj rc . 


Lemma 4.8. Let d, the local dimension of register B, be such that d > 2 18 . Then worst case 
quantum communication cost of any interactive entanglement assisted quantum state redistribution 
protocol of the state lorbca, with error 6 < g, is at least g log(d). 


Proof. Following lower bound on worst case quantum communication cost for interactive quan¬ 
tum state redistribution of the state ujrbca , with error 5, has been shown ( |BCT14j . Section 5, 
Proposition 2): 

lQ^(R--BC) u -I max (R:B) u ). 

Recall, from definition 14.11 that ujrbc = ^ Ef=i l a ) ( a li? A ® U R'BC I s a classical-quantum state. 
Consider, 


Ima AR ■■ BC) U 


^ ^PHBC^RBC) 1 ^ : BC ) P 

> vn.i pR& z&(u R )S{pR) + mipBc^zs^B^Sip'sc) ~ SU P S(p RB c ) 

Prbc£T> 6 { u rbc) 

> l(R : BC) U — 351og(d) — 3 fFact [TKTi 

> : BC )^ - 35 - 3 ( Fact 
(In 

U a 

= 21og(d) — 3<51og(d) — 3. 


To bound I max (R : B)^, notice that ujrb = ^ Ea= l Ej=i \ a )( a \R A ®\ u j){ u j\ R '®\ v j( a ))( v j( a )\B 
is also a classical-quantum state. Using Fact 12.131 we obtain I max (R : B) u < log(|£>|) = log(d). 
Thus, communication cost is lower bounded by 


-(4 ax (R:RCE-I max (R:RU> 


log(d) — 351og(d) — 3 


1 2 36 log (d) - 1.5 > ^ log(d), 


for d > 2 18 . 


□ 


For quantum state transfer, we have following bound. 

Lemma 4.9. Worst case quantum communication cost for state transfer of the state uj' rc , with 
error 5 < is at least | log(d) + \ log(l — 5 2 ). 

Proof. The following lower bound on worst case interactive quantum communication cost of state 
transfer of uj rc has been shown f [BCT14| . Section 5, Proposition 2): 

= CV ■ 
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Consider 


Ima AR--C) U , > 
> 


-Ri^RlC)^ (Fact m 

—H max (RlC)^, + log(l — 5 2 ) (Proposition 6.3, |Toml5j ) 
log(d) + log(l - 5 2 ) 


□ 


Now we proceed to proof of Theorem 11.31 

Proof: Theorem \1.3\ Suppose there exists a r-round communication protocol CP for entangle¬ 
ment assisted quantum state redistribution of the pure state T rbca with error e and expected 
communication cost at most I(i? : C\B)q, ■ {\) p ■ Then we show a contradiction for p < 1. 

For a (3 > 1 to be chosen later, and d > 2 18 , we choose {ei, e 2 ... e^} (Definition 14.1|) as 
constructed in lemma 12.151 Thus, 

1{R : C\B)^ < 25(T C ) < 4^^ (Fact EH]). 

Fix an error parameter p. From lemma 14.51 there exists a communication protocol CP' for 
quantum state redistribution of corbca , with error at most yfp + y/8f3e and worst case quantum 
communication cost at most 

2-l(R:C\B)^ l log (d) 1 log(d) 1 

p{ 1-e) V - pfi(l-e) 1 £ ~ pp V ' 

Last inequality holds since e < 1/2. Let /3pe p = 128. Then ^[p-V y/8/3e = y r p + ^= 6 “^, which 
is minimized at p = 32 • e^~. This gives yfp + -^=£“ 2 “ = 8y/2 ■ and P = A/e^~ > 1. 

As in the theorem, let e € [0, (yg) 1_p ]. Thus, we have a protocol for state redistribution of 

urbcAi with error at most 8\/2 ■ e~ < | and worst case communication at most |log(d), in 
contradiction with lemma F~51 □ 

Above argument does not hold for any p > 1 since we need to simultaneously satisfy /3 > 1, 
8 fie < 1 and p < 1 . 

On similar lines, we prove Theorem 11.41 below. 

Proof: Theorem \l.4\ Suppose there exists a communication protocol for state transfer of the 
pure states T rc with error £ < 4 and expected communication cost at most S(^r) ■ ( 4 ) p . Then 
we show a contradiction for p < 1 . 

For a (3 > 1 to be chosen later, choose as constructed in lemma 12.151 Then S($>r) < 2. 
Fix an error parameter p. From corollary 14.71 there exists a communication protocol for state 
transfer of uj'r C , with error at most ^fp + \J8(5e and worst case quantum communication cost at 
most 

< 41 °g( Qj ) . A )P < 8I °g ( d ) . 

p( 1 — e) £ — f3p( 1 — £) £ _ Pp £ 
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Let /3fj,e p = 16. Then + y/8(3e = y / Jl + 2?> > which is minimized at /i = 8\/2e 2 P . This 

gives y/JI + V 8/3e = \J 32y / 2£ _rE and /? = y^/e - ^ > 1. 

i 15 

As in the theorem, let e € [0, (:>) 1_p ]. Thus, we have a protocol for state transfer of uj'rq, with 
error at most ^/32e^' < ^ and worst case communication at most ^log(d), in contradiction with 
lemma 14.91 

□ 


5 Conclusion 

We have shown a lower bound on expected communication cost of interactive quantum state redis¬ 
tribution and quantum state transfer. Main technique that we use is to construct an interactive 
protocol for quantum state redistribution of ujrbca , using any interactive protocol for quantum 
state redistribution of the state T rbca- To justify why this seems to be a necessary step, consider 
the sub-case of quantum state transfer. Suppose there exists a protocol for quantum state transfer 
of T rc with expected communication cost S^r) and error e. We can use lemma IT31 to obtain an 
another protocol with error e + and worst case communication cost at most S'(’Lr)///. But this 
does not lead to any contradiction, since it is straightforward to exhibit a protocol for state transfer 
of \h_Rc with error e + y/Ji and worst case communication cost S(^>r)/(£ + sjji ) 2 < S(^>r)//j,. 

Furthermore, our argument does not apply to classical setting. This follows from the fact that 
we are considering a pure state ^ rbc A and this allows us to obtain lemma 14.31 without changing 
the probability distribution l2 ir (and hence the corresponding communication weight), when 
we apply the map £. 

Some questions related to our work are as follows. 

1. Can the bounds obtained in theorems n~3i and O be improved, or shown to be tight? 

2. What are some applications of theorems 11.31 and 11.41 in quantum information theory? An 
immediate application is that we obtain a lower bound on worst case communication cost 
of quantum state redistribution, since worst case communication cost is always larger than 
expected communication cost of a protocol. 

3. Is it possible to improve the direct sum result for entanglement assisted quantum information 
complexity obtained in |Toul4j ? 
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